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the second layer a log sigmoid, and the third layer a linear network.
They have nine neurons at each layer. The training method used in
this study is Levenberg-Marquardt backpropagation method (see
Ref. 4).

To demonstrate the optimality of the solutions resulting from the
neural networks, we obtained optimal solutions to this minimum
time problem using a shooting method' for one set of initial con-
ditions. Flight Mach number histories from a shooting method, la-
beled two-point boundary value problem (TPBVP), and the neural
networks are presented in Fig. 1. They are almost coincident show-
ing that the neural solutions obtained with the cascade of controllers
are (near) optimal. The initial Mach number for this selective ex-
ample is 0.8. The associated angle-of-attack (control) histories are
presentedin Fig. 2. For most of the flight they are the same for both
neural networks and the shooting method. The differences can be
accountedfor by the fact that the shooting method uses several more
control steps than the 37 steps with neural networks. Although these
plots establish the (near) optimality of the neurosolutions, the real
advantage in using the adaptive critic approach is demonstrated in
Fig. 3. For each trajectory with initial Mach number varying from
0.6 to 0.8, the final Mach number is 0.8. That is, the same cascade
of neurocontollersis used to generate optimal control for an enve-
lope of initial conditions. For all of the trajectories, the thrust profile
was assumed to be constant. We carried out further numerical ex-
periments to test the robustness of the controllers. We removed six
controllersin the mid-flight-path region (which meant that some of
the controls are held constant for longer periods) and plotted the
missile trajectory. Even though the trajectory is less optimal, the
lesser network configuration still delivers the missile to the exact
final Mach number of 0.8.

Another advantageflexibility of using these network controllers
is that we can vary the initial flight-path angles for various Mach
numbers. In these cases, all that is required to generate the opti-
mal control to meet the final condition is to start from the network
indexedwith the initial flight-pathangle and proceedto the nextcon-
trollers as the flight-path angles changes. This is true by Bellman’s
principle of optimality (see Ref. 1), which states that, on an optimal
path, trajectory from any intermediate stage to final stage is optimal
for the given cost function.

VI. Conclusions

An adaptive critic-based neural network solution for a free final
time problem associated with agile missile control has been devel-
oped. To our knowledge, there has been no other tool (other than
dynamic programming) that provides such solutions. Also, the com-
putational effort associated with the adaptive critic-based solutions
is not prohibitive. This computationaltechniqueis fairly generaland
applicable to a wide variety of problems.
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I. Introduction

IR-LAUNCHED uncrewed air vehicles (UAVs) are often re-

leased with their wings folded to achieve clear and safe
separation. The wings are deployed only when the UAYV is required
to begin a significant glide slope maneuver (see URL: http//
vectorsite.tripod.comavbomb9.html and URL: http/www.imi-
israel.com). The ensuing abrupt change in aerodynamic forces and
moments cause significant disturbances and result in a jump of the
aerodynamic coefficients, thus leading to a transientin the angle of
attack, which should be minimized to avoid loss of stability.

Note that the roll control problem also presents a challengedue to
possible flow asymmetries that occur during the wing deployment
transition period, resulting in large roll angle transients.

In the present Note, the focus is on the pitch control problem,
where it is assumed that wing deployment is fast enough to as-
sure that the system may be described by either wings-folded or
wings-unfoldeddynamics. This assumption stems from that speedy
deployment mechanisms, able to complete their operation within
0.05—0.3 s, are relatively low cost and simple to implement, for
example, by a pneumatic piston. Slow deployment requires an ap-
propriate servomechanism to achieve a smoothly controlled wing
unfolding process. To avoid system complexity and the higher cost
of such a servomechanism, a rapid wing deployment mechanism
is preferred. Because the 0.05—0.3 s wing deployment time is of
the same order of magnitude as the aerodynamic short period, no
intermediate wing positionsneed to be considered during the design
process. Both force and moment coefficients are assumed, for de-
sign purposes, to undergo a jump at the instant of wing deployment,
with the jump value depending on the instantaneousangle of attack.
The angle of attack minimizing the lift during the jump phase differs
from the one minimizing the pitch moment at the jump instant, and
a compromise angle of attack of 0 deg is, therefore, chosen as the
angle of attack for wing opening.

The UAV underconsiderationis equipped with a pitchrate sensor,
a normal force accelerometer, and an angle-of-attack sensor. It is
also equipped with a potentiometer indicating wing position. The
zero-angle-of-attack design goal may also be interpreted as a 0-g
requirement, thereby motivating the design of a 0-g commanded
acceleration loop.

The aim of this Note is to present the design of a pitch accelera-
tionloop whose task it is to minimize the possibly harmful effects of
wing deployment. One possible approach involves embedding the
plant into a convex polytope,' whose vertices contain the dynamic
descriptions of the folded and unfolded wing aerodynamics,
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respectively, and designing a constant gain controller for said sys-
tem. The resulting controller is said to be quadratically stabilizing
and guarantees disturbance attenuation for any convex combination
of the two vertices of the polytope.

Such an approach, however, involves an overdesign, that is, is
conservative, and may result in an overly large disturbance atten-
uation factor y. Note that stability of the closed-loop system is
assured by this method, in spite of the instantaneous jump in the
system’s parameters. To reduce the overdesign, the two vertices
may be dealt with separately by designing a different controller for
each vertex, thus resulting in a lower y. In such a situation, neither
performance nor stability is guaranteed for convex combinations
of the two vertices. In addition, smooth system behavior resulting
from the transienteffect of the system’s parameter jumps cannot be
guaranteed. One possible way of circumventing the shortcomings
of the preceding two methods is to combine both of them via the
Markovian jump system control methodology (see Ref. 2, and, par-
ticularly, Ref. 3 and the references therein). In this approach, the
system parameters jump from a wings-folded to a wings-open state
with well-defined transitionprobabilities, thus allowing for the exis-
tence of distinct controllers for each system, while explicitly taking
into account the transients resulting from the jump. In the present
Note, the preceding paradigm for the design of an accelerationloop
and the testing of its performance are explored. In the next section,
the wing deployment problem of a UAV is posed. In Sec. III, the
necessary and sufficient conditions for solvability of the problem
are presented. In Sec. IV, three controller designs are described,
and design comparisons are made. Conclusions are then made
in Sec. V.

Throughoutthe Note the superscript 7" stands for matrix transpo-
sition, R" denotes the n-dimensional Euclidean space, R" *™ is the
set of all n x m real matrices, and the notation P > 0 (respectively,
P >0) for P € R"*" means that P is symmetric and positive def-
inite (respectively, semidefinite). Throughout, (2, F, P) is a given
probability space; the argument 6 € 2 will be suppressed. Expec-
tation is denoted by E{-}, and conditional expectation of x on the
event 6(t) =i is denoted by E[x |0 (t) =i].

II. Wing Deployment Problem

A. General Description

In a typical UAV normal acceleration control loop, the servo,
modeled as a first-order system, receives elevon commands §,. and
accordingly moves the elevon surface to §,. The elevon commands
are supplied by the controller, whose inputs are the vertical compo-
nent V,,(¢) of the true air speed vector V(¢), the angular pitch rate
q (1), the normal acceleration a, (), and the wing’s position. Until
the wings unfold, the controller also receives a zero acceleration
command a,, = 0, thereby reflecting the desired near zero value of
the angle of attack o = V,, / U, until the instant at which the wings
begin to unfold. Note that U, is the magnitude of the true air speed
vector. The aerodynamic model of the UAV reacts to elevon surface
movements §, and to disturbancesin V,, and ¢. This combinationof
lift force and pitch moment disturbancesresults from the changesin
the lift and pitch moment coefficients C, and C,, respectively, be-
tween the closed-wing and open-wing aerodynamic configurations
of the UAV. Unfortunately, no angle of attack in which the jumps
in both coefficients are simultaneously minimal could be found.
Therefore, the required zero angle of attack at the wing deployment
instant is the result of a compromise in trying to keep both jumps
below areasonable level. Immediately following wing deployment,
the acceleration command should ideally jump from a 0-g to a 1-g
level (acceleration command for straight and level flight), but in
practice, this jump may be modified to be a ramp function.

B. Plant Model

To illustrate the effectiveness of the proposed control method,
considerthe transferfunction 7, 5, , whichrelates the control surface
position §, to the normal accelerationa, measured at /., a location
ahead of the center of gravity ([, =4.92 ft). This transfer function
is based on a short-period approximation* of an air vehicle and is
given by
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Table 1 Linearization results
Coefficient Units Folded Open
Zw 1/s —1.0767100e—01 —4.6275600e—01

Zs+ Uy ft/s 7.1853400e+02 7.1718900e+02
Zs, 1/s —3.1367200e+01 —1.6713900e+01
Ms, 1/s —1.9531600e+01 —1.1363800e+01
Z, ft/s 2.8870465¢+00 2.8209838¢+00
M, 1/ft —2.1881300e—02 —3.3291000e—02
M, 1/s —7.2090600e—01 —7.5222700e—01

. d Vs
X, =Ax,+ B, + G, d=—
dr | ¢q

[z, z,+ U, w,+z&8+1 od
M, M, q Ms, | [0 1
. Ve
a,=2,Vy+2Z,9+25,8.—1.q=C, |: g i| + D,4,

Ca = [Zw - lxMw Zq - lquL Da = ng - lxMth

where V,, is the vertical component of the true air speed vec-
tor in body-axis coordinates and ¢ is the pitch rate. The distur-
bance vectord = [V, gisi» Guisc]” reflects the changes in the lift force
and pitching moment, respectively, between the wings-folded and
wings-unfolded conditions. The dimensional aerodynamic coeffi-
cients are given by

pSUg pSUgC
Zw = - " CLO’, Zq = — 4m CLq
SU SUyc?
w_p OCCM, Mq:p OCCM
21}')' ¢ 41}')' !
,oSUOZ ,oSUOZ
e m L, » e Y Ms,

yy

The nondimensional coefficients (for example, see Ref. 4) C,,
CLq ,Cuy s CMq s CLBC ,and CMBC , attaindifferentvalues for the wings-
folded and wings-open configurations. The true air speed is Uy, the
air density is p, the mass is m, and the moment of inertia about
the y-body axis is /,,. The reference chord and area are ¢ and S,
respectively.

At a specific operating point, where the two cases reflect the
wings-folded and wings-open values of the nondimensional coeffi-
cients, the dimensional coefficients for the nominal case were com-
puted by linearization around trim conditions, that is, zero state
derivatives, at a zero angle of attack, of the six-degrees-of-freecom
equations (for example, see Ref. 4). The results shown in Table 1
were obtained.

C. Plant Augmentation

To enable controller design, the plant needs to be augmented to
include the elevon servomodel and dynamic weightings. The elevon
servo is modeled by §, = —(8, — §..)/t, where t =1/30s.

That the accelerationcontrol loop should force the measured nor-
mal acceleration to track the acceleration command can easily be
incorporated into the design process by introducing an integral ac-
tion on the acceleration tracking error via § =a, —a,, .

The state and disturbance vectors are then augmented to become
x=[V, q 8, 1" and w=[a,, Vyax Gas]’, respectively. The
outputsignal to be minimizedis chosenasz =[B& pd,.]". The aug-
mented plant then becomes, x = Ax + Bé,. + Gw, z=Lx + D},
where

Aa Ba 02.1 02.1
A=10, =30 0|, B=]30

Ca Da O O
0 I
2 0, 0 B 0

G = O 01_2 5 L = 5 D =
0O 0 0 P

—1 01_2
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The parameter 8 =20 is the required bandwidth of the closed-
loop system in tracking the acceleration command, and p =100 is
the control signal (elevon command) weighting. An elevon com-
mand signal 8, = K[w(?)]x is sought such that J <0, where J,
defined by Eq. (2), (see Sec. III), implies that the induced norm of
the operator relating w to z should be less than y.

III. Necessary and Sufficient Solvability Conditions
Consider the following system:

x(1) = A[0()]x (1) + GIOO)]w(r) + B[O (1)]u (),
z(t) = LIO®)x (1) + DO @)]u() D

X():O

2
Ir(Ai + B K)"X; + X;(A; + B.K;) + ZQini + (Li + DiK)"(L; + D;K))  X;G,

j=1

|_ GT X,

where x(t) € R" are the system states that may include the states
of a dynamic weighting function used to shape the closed-loop fre-
quency response, w(t) € R? is the exogenous disturbance signal,
and z(7) € R™ is the combination of the input signalsu () and states
to be minimized, with possible dynamic weighting.

The matrices A, G, B, D, and L are piecewise constant matri-
ces of appropriate dimensions whose entries are dependent on the
wing state [0 () = 1 = wings foldedor 6 (t) =2 = wings open]. For
design purposes, it is assumed that 0(¢), t > 0, is a right continu-
ous homogeneous Markov chain on D = {1, 2} with a probability
transition matrix

P(t) = e, 0 = [q;],

Xz:qi_,zo, i=12

j=1

qi <0

Given theinitial condition6(0) = 1, that is, the wings are initially
folded, at each time instant #, the wings may maintain their current
state, that is, remain folded or opened if currently so, or jump, that
is, unfold if currently folded. The transitions between the two wing
states, i € D, occur in accordance with current wing status and the
transition probabilities derived from the transition rate matrix Q.
Appropriate values for the entries of Q should reflect that, once the
wings have been deployed, they may never return to their folded
state. Q describing the preceding situation consists of

[ 1
e= 0.01 —0.01

corresponding to the transition probabilities as a function of time
as shown in Fig. 1a, where the solid line depicts P; ; and the dash-
dotted line represents P;,. It is also assumed that DT[D, L]1=
[R, 0], where R > 0. Note that Q(2,2)=—0(2,1)=—0.01 was
assumed rather than a zero value, reflecting the very small proba-
bility of the wings refolding without violating the requirement of
q;; <0. Consider the following cost function:

ma GI'w,;
WIG WX (ATX; + XiAi + g X; + LT Li) X7 Wi —
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J = E/ " (Dz(t) — y*wT (Hw(D)]dr 2
0

Piecewise constant gain state feedback controllers of the type
u(t) = K[0(t)lx are sought, where K[0()]=K;,i=1,2,0(t) =i.
When the latter is substituted into Eq. (1), the closed-loop system
becomes

x(t) = {A[OO] + BK[O@)]}x (1) + GIO@)Iw(1),

z(1) = {L[6(1)] + DIO(M]IK[O(1)]}x (1) 3

X():O

Denoting by A; =A[0(t)], B;=B[0(?)], C;=C[0(1)], G;=
G[6(t)], L, =L[6(t)], and D; = D[6(t)], where 0(t) =i, i =1, 2,
and writing the boundedreal lemma (for example, Ref. 2, Corollary
7.11) for the resulting system (3) leads to

—|<O, i=1,2 “4)

—)/ZIJ

Note that the more general output feedback problem has been
solved in Ref. 3. For the sake of completeness, the derivation of
the simpler state feedback problem solution for two jump states,
underthe simplifyingorthogonalityassumption D" [D, L] =R, 0],
isnow presented.Inequality (4) can be written in the equivalentform

Zl-+PI.TKI-QI-+Ql.TKI.TPI- <0 5)
where, fori # j,

ATX, + XA +q;X;+LTL, X,G, 0

Z; GIX, -yl 0
0 0 -1
X;B;
PT=| 0 |, Q=0 0 0
D,

and where A; = A; + (q”/ 2)1. Condition (5) is then equivalent to
(see Ref. 5, p. 22) Wy Z;Wp, <0 and W[ Z; Wy, <0, where Wp,
and W, are bases of the null spaces of P; and Q;, respectively,and
are composed of

0 X 'Wy, 0 0
Wp = |1 0 , Wy, =1 0
0 Wy 0 I

where

Wi

W
is a basis of the null space of [Bf D]]. The condition
W[ Z:Wy, <0 is then automatically fulfilled. Furthermore,

WT Z;Wp, <0 leadsto

<0
W Woi
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Fig. 1a Transition probability.
When S; 2 Xl.’l is defined, it follows that the precedinginequality

is equivalent to the following linear matrix inequality (LMI) for i,
J=12,i#],

IVWIC(AI-SI- +SA] +y GG )Wy — WiWo, WISLT /g5 WICSI'—I
<0

L;SiWy;
|_ V4ij S Wy

The following result is therefore obtained. Also see Ref. 3 for the
situation where the solution lies within the set of dynamic nth-order
controllers.

Theorem. The cost function of Eq. (2) is negative if and only if
there exist symmetric positivedefinite matrices S;, i = 1, 2 satistying
Eq. (6). In such a case, the controller gains K;, i = 1, 2, are obtained
from LMI (5).

Note that the controller gains jump concurrently with the sys-
tem’s parameter jumps, as does the worst-case disturbance strategy.
In a way, the resulting controller is, therefore, gain scheduled. The
jump in the system’s parameters are, however, reflected in the cost
function of Eq. (2), and the possibly resulting transients are, thus,
minimized. In the forthcoming discussion, this controller will be
referred to as the Markovian jump controller (MJC). If one chooses
to design a single controller, the quadratically stabilizing controller
of Ref. 5, which is conservative because it does not use the infor-
mation available about the system’s parameters, that is, i =1 or 2,
is the result. In the sequel, the controller of Ref. 5 will be referred
to as the robust controller (RC).

IV. Controller Design

The controller was designed in three different ways, the RC
method of Ref. 5, the design of a separate H,, (SDH) controller
at each vertex, and the MJC. The RC controller achieved a mini-
mum closed-loopdisturbance attenuation factor of y =33.43, with
correspondinggainsof K =[10.57 —425.6 —180.7 —305.7]. The
gains at each vertex resulting from the SDH method, which ensure
minimum disturbance attenuation factors of 18.1 and 12.9,
are K; =[0.0040 —0.0825 —0.7510 —0.4253]and K, =[0.1212
1.2540 —1.7674 —1.6579], respectively.Finally, the MJC was de-
signed by applying the preceding theorem, where the LMI there
was solved using the tools of Ref. 6. The minimum closed-
loop disturbance attenuation factor for the MJC approach is
considerably less than that of RC and is y =20.0. The gains
for the wings-folded and wings-unfolded conditions are K; =
[0.0290 —2.7269 —1.1120 —1.5065] and K, =[0.0110 0.7722
—0.4793 —0.2112], respectively. Note the marked differences be-
tween the gains of the folded and deployed wings as in the SDH
approach. The different gains for the corresponding different plant
parameters, together with that quadratic stability is not required for
MIJC, may explain the improvementin y with respectto RC.

A. Comparison Issue

It may be claimed that the comparison between the disturbance
attenuation levels obtained using the deterministic (RC and SDH)
and the stochastic (MJC) frameworks is meaningless. One possi-
ble way of addressing such a claim is by comparing the solutions
on an equal footing. Two such comparison approaches were, there-
fore, chosen, the first being completely deterministicand the second
entirely stochastic in nature. In the first approach, the H,, norm of
the closed loops for i =1 and 2 for all three solutions were com-
puted. The norms so obtained were 32.9 and 22.5 for RC, 18.1 and
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12.9 for SDH, and 18.3 and 15.7 for MJC, which are remarkably
lower than those of the polytopic controller (RC) and surprisingly
close to those of SDH. Therefore, in the deterministic sense, MJC
is a reasonable compromise between the RC and the SDH methods.

In the secondapproach, the performancelevels were compared on
the basis of the stochastic Markovian jump theoreticalboundedreal
lemma of Ref. 2. These performance levels were readily computed
by substituting the gains K;, i =1, 2, into Eq. (3) to obtain the
closed-loop systems for all three methods (with K; =K, = K for
RC), and applying the bounded real lemma of Ref. 2. The stochastic
disturbance attenuation level for RC was 32.4, and for SDH it was
76.7. This resultis not surprising because the method does not take
the parameterjumps into account. The correspondingMJC level was

-1 0 (6)

0 =S;

J

20.0 and is consistentwith the design value and markedly below the
other designs.

It is common practice to choose a control approach, which, al-
though not entirely suited to the problem from a theoretical view-
point, nevertheless provides the best of all of the solution alter-
natives. The most practical comparison method is based on time
responses, and the results of this approach now follow.

B. Simulations

The simulations were performed on the model in Sec. II.C, with
a step change in lift of 18 ft/s” at the instant of wing opening, and a
corresponding step change of 0.56 rad/s in pitch rate as a result of
the step change in the pitching moment. The wings were assumed
to be deployed at 5 s. The initial conditions are V,,, = a7 /180,
q0=0, 8., =0, and &, =0, where oy =2 deg is the initial angle of
attack. The acceleration command is zero throughout the folded-
wing phase of the flight and jumps to —1 g=32.174 ft/s*> (pitch
up) at the wing deployment instant. In fact, it was assumed that the
wings are completely deployedwithin 0.1 s, during which both plant
and controller data are linearly interpolated between the extreme
values corresponding to i =1 and 2. Similarly, the lift and pitch
rate moment disturbances, as well as the change in the acceleration
command, are linearly varied within the 0.1-s period.

The results are shown in Figs. 1b and 1c, where the angle of at-
tack and elevon angle, respectively,are shown for the three control
design methods (dashed lines for RC, dotted lines for MJC, and
dash-dotted lines for SDH) at times between 4.5 and 7 s. From the
angle-of-attack overshoot point of view, similar performance was
obtained for all three methods, whereas MJC uses considerablyless
control effort than both RC and SDH. For completeness, different
wing deployment durations in the range of 0.05—0.3 were tested.

02 !

0.1

Time [sec]

Fig.1b Angle of attack.

Time [sec]

Fig. 1c Elevon angle.
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The superiority of MJC is maintained for wing-opening durations
of 0.05 —0.15, although for wing-deployment periods larger than
0.2, the advantage of MJC over SDH is diminished. Because of un-
certainties in the wing deployment mechanism and because larger
deployment periods may require more complex mechanisms, dura-
tions less than 0.2 s should not be ignored. This implies that MJC
appears to be useful for the described application.

V. Conclusions

The synthesis problem of wing deployment of a UAV was con-
sidered via the jump Markovian systems approach. The change in
the vehicle’s dynamics due to wing deployment was given a proba-
bilistic interpretation, where the probability of deploying the wings
from a folded position increases exponentially with time. However,
once deployed, the wings remain open and, therefore, have a zero
probability of switching back to a folded position. This description
may even be closer to reality than the more intuitive deterministic
one whereby the instant of wing deployment is selected according
to a set of a priori defined conditions on the angle attack and its
derivative, for example, small absolute value of the angle of attack
combined with a small absolute derivative of the angle of attack.
Even in the deterministic case, the first moment during which the
described conditions are satisfied may depend on random param-
eters such as the angle of attack of the host vehicle at release, its
velocity, etc., giving rise, in a very natural way, to a probabilistic
interpretation of the switching time. For the situation where wing
deployment timing is defined a priori, the transition probabilities
may be consideredto be design parameters tuned to maximizing the
closed-loop bandwidth, minimizing control effort, etc.

The results achieved by the Markovian jump systems approach
are quite encouraging. For very short-duration wing deployment,
the Markov-jump-theory-basal disturbance attenuation factor is
markedly less than those obtained with the more common ap-
proaches of simply treating each wing state separately or requiring
quadratic stability. The latter uses a single gain matrix to control
the plant during its two different phases and, therefore, does not
utilize the information about the parameter jumps, thus resulting in
poor performance with a large control effort. Separately treating the
closed- and open-wing systems does utilize the jump information,
but does not account for the transient, thus leading to good distur-
bance attenuation, but at the cost of large controls. The Markovian
jump approach uses different gain vectors for each phase while ac-
counting for the jump. Although the probabilistic modeling of the
jump may seem somewhatartificial in the case of a single-shotwing
deployment operation, where no folding back of the wings is possi-
ble, the approach suggested can be thought of as a gain scheduling
approach for systems with discrete operating points. This approach
loses its advantage when the transition between these operating
points is slow. The suggested procedure of comparing performance
levels using both the deterministic and stochastic frameworks may
be a useful addition to the overall control design process.

Although the application presented for the Markov jump ap-
proach, wing deployment in a UAYV, is not very common in the
aerospace industry, the design, analysis and simulation proce-
dure suggested here may be relevant for other applications, where
possibly fast enough transitions occur between discrete operating
points.
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Fast Quaternion Attitude Estimation
from Two Vector Measurements
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Introduction

ANY spacecraftattitude-determination methods use exactly

two vector measurements, e.g., unit vectors along the line of
sight to a star or the sun or along the Earth’s magnetic field. We
want to find the attitude matrix that transforms vectors from some
reference frame to the spacecraftbody frame. That is, we would like
to find a 3 x 3 proper orthogonal matrix A such that

Ari=bi for l:1,2 (1)

where b, and b, are the measured unit vectors in the spacecraft
body frame and r; and r, are the corresponding unit vectors in the
reference frame. It is impossible to satisfy both of these equations
in general because they imply that b, - b, =r, - r,, which might not
be true in the presence of measurement errors. All reasonable two-
vector attitude-determinationschemes give the same estimate when
this equality holds, however.

The earliest algorithm for determining spacecraft attitude from
two vector measurements was the TRIAD algorithm,?> which is
simple to implement but does not treat the observations optimally.
Wahba® proposed that the optimal attitude matrix should minimize
the loss function®

L(A) = % Zai |b; — Ar;|? = Zai —trace(ABT)  (2)

i i

where the a; are positive weights assigned to the measurements and
B=) abr! 3)
i

Shuster showed a simplification of his optimal QUEST algorithm
for the two-observation Wahba problem,” but Ref. 6 presented the
first explicit closed-form optimal solution. Most existing optimal
two-observation algorithms are significantly slower than TRIAD
and actually slower than optimal n-observation algorithms. Recent
exceptionsare Mortari’s optimal EULER-2 algorithm’ and a subop-
timal algorithm proposed by Reynolds.® The present Note presents
two new algorithms for quaternionestimation from two vector mea-
surements. The firstis a very efficientoptimal algorithm, which s al-
most as fast as the TRIAD algorithm. The second producesthe same
suboptimal estimate as TRIAD, but at reduced computational cost.
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